
Solution:
To find a vector equation for L2 we need d⃗ =

−−→
AB (direction vector) and P0 = A (point on L2).

d⃗ = (1− 1, 2− 1, 3− 1) = (0, 1, 2) and P0 = (1, 1, 1)

Thus, L2 has vector equation r⃗(t) = (1, 1, 1) + t(0, 1, 2).

The point P1 = (1 + s, s, 0) represents a general point on L1.
The point P2 = (1, 1 + t, 1 + 2t) represents a general point on L2.

Next we find
−−−→
P1P2 which is a general vector whose tail lies on L1 and head on L2.

−−−→
P1P2 = (1− (1 + s), (1 + t)− s, (1 + 2t)− 0) = (−s, 1 + t− s, 1 + 2t)

The points on L1 and L2 that produce the minimum distance must satisfy
−−−→
P1P2 ·d⃗1 = 0 and

−−−→
P1P2 ·d⃗2 =

0. This is because
−−−→
P1P2 must be perpendicular to each line for shortest distance.

−−−→
P1P2 · d⃗1 = 0

(−s, 1 + t− s, 1 + 2t) · (1, 1, 0) = 0

−s+ 1 + t− s = 0

−2s+ t = −1

−−−→
P1P2 · d⃗2 = 0

(−s, 1 + t− s, 1 + 2t) · (0, 1, 2) = 0

1 + t− s+ 2 + 4t = 0

−s+ 5t = −3

Now we solve the following augmented matrix(
−2 1 −1
−1 5 −3

)
→

(
1 0 2

9
0 1 − 5

9

)
Thus, s = 2

9 and t = − 5
9 .

Now substitute s = 2
9 and t = − 5

9 into L1 and L2 to find the required points.

L1 : p⃗

(
2

9

)
= (1, 0, 0) +

2

9
(1, 1, 0) =

(
11

9
,
2

9
, 0

)

L2 : r⃗

(
−5

9

)
= (1, 1, 1)− 5

9
(0, 1, 2) =

(
1,

4

9
,−1

9

)
Therefore, P1 =

(
11
9 , 2

9 , 0
)
and P2 =

(
1, 4

9 ,−
1
9

)
are the points on L1 and L2, respectively, that are

closest to together.

Extra: The shortest distance between the two lines is given by ∥
−−−→
P1P2∥.

−−−→
P1P2 =

(
1− 11

9
,
4

9
− 2

9
,−1

9
− 0

)
=

(
−2

9
,
2

9
,−1

9

)

∥
−−−→
P1P2∥ =

√(
−2

9

)2

+

(
2

9

)2

+

(
−1

9

)2

=
1

3

Therefore, the shortest distance between L1 and L2 is 1
3 .
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