Problem 2: Ellipse Twins
Part A

To find a Cartesian equation for Fy, we will first convert E; to polar form. Then apply the clockwise
7 transformation to it. Then convert it back to Cartesian form.

E; is defined to be 22 + zy + 4% = 1. To convert E; to polar, we will use y = rsind and & = 7 cos 6.
Substituting these into F; and simplifying:

(1 cos0)? + (rcos ) (rsinf) + (rsinf)? =1

= 72cos? 0 +r?cosfsind + r?sin’ 0 = 1
— 72(cos? O +sin? @ + cosfsinh) = 1
— 72(1 +cosfsinf) = 1 (since cos?  + sin® 6 = 1)
in(26 in(26
= r? <1 + sm; )> =1 (since cosfsinf = w)
— 2= N
2+ 5sin(26)

Now that we have E in polar form, we can apply the clockwise 7 transformation:

5 2
© 2+4sin(2(60+ %))

r

This is Eo. Now we just convert it to Cartesian form using 2 = 22 +4?, y = rsinf, and x = r cos :

9 2
rt=————
2+sin(20 + %)
— 2= 2 (since sin (x + E) = cos(x))
2 + cos(20) 2
= 7%(2 + cos(260)) = 2
= 72(2 + cos? § —sin? §) = 2 (since cos(2x) = cos? x — sin® z)
— 22 + 1% cos’f —r?sin® f = 2
= 2(2* +y°) +2° —y* =2
— 32 +y* =2

Thus, the Cartesian equation of Ey is 322 + y? = 2 as required.

Part B

Now to find P and Q, we will make use of the polar equations of F; and Es.

Recall the following:
2 2
Ei:rP=——_ Eyir?=—— "
T T 9 ey T T 24 sin(20+ %)



Let us equate them to find P and Q as follows,

2 2
2+sin(20) 2 +sin(20 + %)
2(2 + cos(26)) = 2(2 + sin(26)) (since sin (x + g) = cos(z))
cos(20) = sin(26)
tan(260) =1
2 — % tak ke
T

'/T
0="1"kkez
s Fahhe

If 6 € [0, 27], then

_m 5m 97 13w
87878 8
Since P and Q are in the first and second quadrants, the angle for P will correspond to ¢ = £ and
angle for Q will correspond to 6 = %’r. To get the Cartesian coordinates, we first find the polar
coordinates by finding the value of r for each angle. We can use the polar form of either F; or Fs:
For 6 = g,
2 2 /8 —2v2
2 +sin(2(g)) 7
For 6 = %’r,

> =
2 8+ 2v2
L S r:,/i
2 +sin(2(%")) 7

) and the polar coordinates of Q are ( 8+2v2 5”)

So the polar coordinates of P are ==

Now all we need to do is convert < 8’2‘/5, 5 | and ( M, ‘r’g) to Cartesian coordinates using
(z,y) = (rcos@,rsinf).
78 — 2\/5 T — 78 — 2\/5 cos (I) 78 — 2\/§ sin (z)
7 8 7 8/’ 7 8
8+2v2 om ) [ [8+2V2 (bm\ [8+2V2 . (57
7 8 7 8 /)’ 7 8

Thus, the Cartesian coordinates of P are ( 87? cos (%), 8*7‘5 sin (g)) and the Cartesian

)

coordinates of Q are < %@ cos (22, 8+2V2 oy ("5)) as required.

Part C

We already found the polar coordinates of P and Q in the previous part. The polar coordinates of P

are < 8_3*/5, g) and the polar coordinates of Q are <\/ %7‘/5, 55)




Part D

There are many reasons why using polar integration with ”outer minus inner” is easier for this problem
than using ordinary integration with ”top minus bottom”. First, and most obvious reason is that
solving E; explicitly for y in terms of x (or x in terms of y) is not a straight forward task. Even
after writing both E; and Fs as explicit functions of one variable, you will see that it takes multiple
functions to represent the curves. This makes things much harder when deciding which piece(s) to
use in the integral. Furthermore, even after completing that task and setting up the correct integral,
you will notice that the bounds are super messy! If you are integrating with respect to x, then the

lower bound will be 2 = \/@ cos (22) and the upper bound will be = 1/ 522 cos (Z).

Now if we use polar integration, then the bounds will be fairly simple. The lower bound will be § = &
and the upper bound will be # = 3T. Furthermore, the integral requires r? which we already have

B
both curves solved for.

Now let us actually set up the integral for the required region and solve it. Recall that the area
bounded by two polar curves is given by:

921
A:/91 i(r%—rg)dﬁ

where 71 is the "outer” curve and 7y is the ”inner” curve.

The following diagram focuses on the desired area and it is clear that the "outer” curve is Fy and
the ”inner” curve is E;. This also confirms the lower bound to be ) = % and the upper bound to be
6, = 2=,

P
Using Ey : 72 = ﬁn(%) and Ey : r? = m, the integral representing the desired area between
P and Q is
5
s ] 2 9
A= / 3 : AR d
z 2\ 2+sin(20475) 2+sin(20)
5 57
B 1 E 1 .
= T dl — S . . ( 7) _
/” 2+ cos(20) / 2 + sin(26) (since sin (z + 3 | = cos(z))

8



Now let us compute the following two integrals separately

57 57

5 1 5 1
A = —df, Ay = —df
! /g 2 + cos(20) 9, Az /g 2 + sin(20) d

Computing Aj:

g 1
Ay = —df
! /g 2 + cos(20)

1 1 — tan® 6
= ———df (since cos(2x) = 78112)
= 9 1—tan2 g 1+ tan“ 0
8 + 1+tan2 6
/ 1+ tan2(0)
= PRSI
3 + tan®(0)
- z 3 —T—etcar(l )(0 do (since sec?(z) = 1 4+ tan?(x))
tan(5E) 1

- _ 2
= . mdu (let w = tan 8, du = sec” d0)
tan(%)

1 u tan(‘%’")
= |—=arctan | —
|: \/g ( \/§> :| tan(%)
51
1 <tan 0 > } s : . .
= | —=arctan (returning to variable 6 since u = tan )
[\/5 V3 /s

now we take into account the singularity at 6 = 7 for u = tan@,

. [ Lo (tane)]’é
—arctan | ———
V3 V3
Ii {1 arcta (tan9 r + i {1 arcta (tan@)]s
= 1im —= ar 11 I 1m —= ar Il
bz [ V3 V3 b=zt (V3 V3 /1,
5

(=g (555)) = (G (4557) - (5559))

) % b L tan (tariggﬂ)) - %mtan (tail/(gg))
m — arctan(v6)

used Wolfram Al ha to Sim hfy
f ( p p )

Computing As:

L[+ 1
B [ — 1 =2 =2
2[r — dx (let x = 26, dx = 2d0)



Now use Weierstrass substitution. Let ¢ = tan (g) sin(x) =

=

lth2

1+t2

1 fran(s) 1 ( 2 )
- _di
2Jan(p) 2+ (12y) \1H

tan(3%) 1

= ———dt
/tan(w) 24 2t2 4 2t

N =

2 2
— ? [arctaﬂ <\/§ tal’l(e) + ?)] + ?
. 2 V3
= bll,%lf - larctan <\/§ tan(6) + 3> I
5

= ? (72r — arctan (23 tan (g) + ?)) + ? (arctan < 2
— \/35 + @ arctan (\2[ <57T) + ?) — ? arctan <2 tan
= M (used Wolfram Alpha to simplify)

V3
~ 0.68312

3
\/g ftun(s")—i-f

3
V3| <2 \/§>

57

T
——dt
/m( B t2+t+1

2 tan(z)+8 V21

V3
f tan(%)+5>

tan(3%)

10

,dx =

dv (let v =

V3

V3

S

2 Vv3\]©
arctan <\/§ tan(f) + 3>]

b
+ lim @ [arctan (;ﬁ tan(6) +

tan

thdt

~dt (completed the square)

S

t+?7db’:

(F)-%

(5)+ ?

\_/oa

Sl

dt)



Overall, we have

A=A — Ay

7 — arctan(yv/6)  arctan(v/6)
V3 V3

7 — 2arctan(y/6)

V3
~ 0.44756

Thus, the area of the region outside of Fy and inside of Es is HL\/?H(‘/@).

Extra

To check our work we can calculate the area using Cartesian integration. Let’s set up the integral
with respect to z using the following diagram:

1.5

jaain

N\
N

The red curve is F and the blue curve is Fy. We also found the Cartesian coordinates of P and Q)
in Part B so we can use their z-coordinates as the bounds of our integral. Last thing we require is to
have the equations of both F; and E5 solved for y in terms of x.

E;: To solve for y in 22 4+ 2y + y? = 1, we use the quadratic formula and treat the equation as a
quadratic in y:

— P+ @y+@EP-1)=0

—x £ V4 — 32

Y= 9

Ey: To solve for y in 322 4 y? = 2, simply isolate for it:
= y=+v2— 32?2

As we can see, both Fy and Es have two functions representing them. In our integral, we need the
positive pieces.
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We can now set up the integral for the desired area very easily using this diagram:

o

2_
glx) = T o \

@

& &
=
3

x= 78_?{,"6 cos(%) ”? \w

x = 0.794104487761

@0
oo
+
1[0
N
(<]
g
=g
—

= —0.475963149478

On our interval, between the points @ and P, Es is always the "upper” curve represented by f(z) =
V2 — 322 and E; is the lower curve represented by g(r) = —ZHvi=3z% W. The lower bound is z =

84272 cos(3F) and the upper bound is z = 4/ %ﬁ cos(g).

7
So the area of the desired region is:

8—2V2

S=2¥=2 cos(Z) _ /4_ 5
A:/ ’ ’ w/2_3x2_x+—3x d
VR cos() 2

Using a graphing calculator to evaluate the integral, we see that we get the same answer that we got
above using polar integration:

fﬁ (ﬁ e/t ),

= (0.447558102755
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